The structure and geometry of 4×4 pandiagonal matrices  by Turner, Barbara & Warner, Ken
‘Ibe 4X 4 pandiagonal xnatrice~ ptetess&ted by a group of tc~sfomations with two 
generators, w&h are adogobs to lit rotation and a’rotatory hmrskm, a&ing on a single V~XW. 
‘Ihw Imitrioes have fiX@dem classes ‘Fiat are- tessehtd by a subgronI, asscxiated with a 
tiau@at ~@iO%O~ * _!qah~e, The p&&m&&? of various subgroups to the permutation 
strum of pandiagonai matrices is sib&d. 
The application of the techniques of linear algebra and group theory to 
elucidate fhe strucbre of 4X 4 pa&&g&al mati- @es ,a systematic dev&p- 
rnent of their attract& properties. The: usual delWt5on of a 4 x 4 magic matrx is 
a square array of the nurnbe~ I,‘& 3, , . . ,i6 S&h that each row, each column, 
and the two main diagonak a&have th& same sum, namely the magk constant, 
which m this case is 34. The array can be represented as a matrii 
where a + b + c +S = 34, etc. A magic matrix is cakd a pandiagonal matrk if all 
the broken diagonals also have the same sum; that is, e + b + o -t Z = 34, etc. 
Evidently, the 4X4 pandiagonal matrices are a class of permutations on 
(1 . . ,16} that satisfy certain linear arithmetic ondkions. The 4x4 pandiagonal 
r&rices are small enough so that they can be dealt with by hztnd. me use of 
linear algebra gives their coarse strucu~re and their division into natural equival- 
ence classes. The Ene structure of the equivalence classes is then obtained by the 
use of methods of group theory. The 4 x 4 pandiagonal matrices will be seen to be 
generated by a group whose sign&ant action is givei: essentially by a group of 
order 48 tesselating a single vector Th.k group of order 4b is isomorphic to the 
triangle group p(2,3,4) used in tesselating the sphere with 48 congruent 
triangles. The geometrical nature of the group that tiles the pandiagonal matrices 
is indicated in that it may be generated by two generators which can be 
characterized as a “rotatory inversion” and a “rotation”. Further, this @OUP 
makes clear that certain pi lbers in these matrices are inseparably linked. 
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An elegant application of group theory to the enumeration of pandiagonal magic 
matrices is in the paper of Ross :r and Walker [Ill. 
1. Linear algebra 
There are sixteen defining equations for the 4 x 4 pandiagonal matrix (1) such 
as . 
atb-+ctd=34~, e+f*g+12=34, etc. 
Since the magic constant 34 = 2 l 17, the defining equations of the pandiagonal 
matrix become homogeneous linear equation:; in the vector space {(a, . . . , p)} of 
16-tuples mod 17 and mod 2. Thus, we have the sixteen homogeneous equations 
a+b+c+d=O, e+f+g+h=O, etc. (modl’? or mod2). 
Let us call a 16-tuple vector solution written in the matrix form (1) an algebraic 
pandiagonal matrix (abbreviated to a.p.m.). 
The coefficients of the equations of this homogeneous system may be written as 
a 16 x 16 matrix. The standard linear algebraic technique of finding the reduced 
row echelon form (mod 17) may be applied to this matrix. The result is that the 
a.p.m.‘s are a four-dimensional solution space of the homogeneous system of 
equations in the space of 16-tuples (written ;2r, 4 >(: 4 matrices) of the form: 
/ 
l+o+p -1 3-n-o -l+n-p 
-0 em 
(1, n,o, p)= P 
H-0-i-p -n 
-1tnto I-ntp --it-o-p I 1 (mod I7) -n-o-p n 0 ? ; 
(2) 
From this form, it is readily visible that every two alternate elements on any 
diagonal are additive inverses. Also, the sum of the elements in every 2 X 2 matrix 
equ 31s zero (mod 17). The sum of the elements in opposite quadrants of any 
magic matrix are equal (eg, in that case, the cum of rows 1 and 2 equals the sum 
of columns 1 and 2, and the elements of the .tpper M’t quadrant cancel; thus!, the 
sum of the elements of the lower left equal-; that of the upper right quadrant.) 
Therefore, in a 4 x 4 pandiagonal matrix an ekraent and its inverse mod 17 are in 
opposite quadrants, so a quadrant sums to 3% 
We now find the patterns of the even and ldd integers in a pandiagonal ma&ix 
(abbreviated as P.M.). For pandiagonal matkes A and B, we define A -B to 
mean .c1= B (mod 2). It is easy to verify that - -.e ’ is an equivalence relation and so 
divides the P.M.‘s into equivalence classes. Since a t b == 17 becor=aes a + b s 1 
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For a P.M., the rows and columns sum to zero mod 2, and each 2 x 2 quadrant 
sums to 34; hence, it sums to zero mod 2. Thus, we have that a P.M. of the form 
(2) is of the form: 
I+o+p+l I-r-1 Z+n+o+l Z+n+p+l 
U, n, 0, PI = 
o+l pi-1 n+o+p+l n+l 1 I+n+o z+n+p z+o+p 1 
I 
(mod 2) 
n+o+p n 0 P 
(3) 
By (3), the maximum number of equivalence classes is 24 = 16. However, there 
are exactly 8 of these such that 2 rows or 2 columns have ail zeros. In the 
corresponding P.M.‘s, these two rows, say, would contain all the evens, whose 
sum, 2+ l ** + 16 = 72, is not a muhiple of 34. Thus, these eight are impossible. 
Therefore, in every P.M., there are two even and two odd numbers in each row, 
cohunn, and diagonal. More precisely, 
Theorem 1. For the pandiagonal matrices there ave ody eight mod 2 equivalence 
classes, given by Cl, n,o, pl=CL LWI, WA WI, CO, l O, 11, [O,O, Lll, 
Cl, 1, I, 01, [1, 1, 0, 11, [(3,0,1,0], and [0, 0, 0, 11. Each equivalence class contains 
the same number of 
Proof. The C of the left to the and the 
D across main diagonal a, f, k, preserve the 
property. For these transformations be written 
C[ 1, n, 0, p] = [I + n + 0, 0, p, n + 0 + p] 
for the column motion (left to right), and 
M?, n, 0, PI = Co, n+ 1, k PI 
for the reflection across the diagonal. We see that 
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Thus, using C and D we go from one equivalence class to another; furthermore, 
this impties that two equivalence clasies have the same number of elements. ThiU 
these classes occur can be shown by checking_ the following matrix. 
[ 14 27 1 15 4 6-313 916 10 5 11’ 8 2
(4:j 
The other eight possibilities are given by 
C[1, O?O, ll= [l, 0, 1, 11, ml, (4% 11-10, 1, 1, II, 
C[l, 0, 1, l]= [O, 1, 1, 01, D[l, 0, 1, I]=[l, 1, 1, 11, 
CIIO, 1, LOI= 10, 1, 0901, m, 1, 1, a= L 0, 0, 01, 
aA LO, 01 = Cl, 0, 0, 11, D[O, 1, 0, Q] = [O, 0, 0, 01. 
However, [1, n, o, p] = [l, 0, 0, 1] would represent a pandiagonal matrix with all 
zeros in olumns 2 and 3. The sum of these columns would be 2 + l l l + 16 = 72, 
; ’ which is not a multiple of 34 or 17. This 
parent matrix should be pandiagonal. 
would contradict the assumption that the 
Corollary 2. An a.p. m. whose entries 
corresponding mod 2 matrix is one of 
matrices is pandiagoncl. 
are the numbers 1,2,3, . . . , 16 whose 
the quivalence classes for pandiagonal 
Proof. Since the diagonals of a.p.m.‘s sum to 34 because of inverse relations, it 
suffices to chleck the row and column sums. Each row or column has two odd and 
two even numbers. Hence, the sum is an even multiple of 17. But, for the 
numbers, %, 2,3, . . A , 16 that multiple must be 34. 
Co~~Ilary 3. In a P.M., each 2~ 2 submatrix has sum 34. 
Pr&L Each P.M. mod 2 is in one of the eight equivalence classes. Each 2 X 2 
subnlatrix haas 2 zeros and 2 ones (e.g. see (5) below). Therefore, each 2x2 
submattiJ of r.he P.M. has two even and two odd numbers. From (2), each 2x2 
submatrix of Z. P.M. sums to zero mod 17. However., that sum is forced to be 34. 
We now examine: in detail the equivalence class denoted by [ 1, 1, 0, 01; that is, 
all P.M.‘s that are equal mod 2 to the matrix 
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The corresponding pandiagonal matrix must have the even numbers 2,. ‘. . ,I6 in 
the ‘0’ positions. In @, 5 = 2j, p = 2k, l + o +p * 27, n + o + p = 2s [mod 17) where 
j,k,T.SE(l,. .., 8). Thus, 2 = 2(r - j - k) and n = 2(s - j - k) (mod 17) and conse- 
quently, (2) becomes 
j+k-r r-s-j s-r-k 
(j, k, r, s) = 2 
-j -k s j+k-s 
k+r-s -r r-j-k 1 (mod 1.7) (6) -s s-j-k j k 
which we Idenote by (j, k, r, s). 
Theorem 41. A magic matrix wh~~se mod 2 fom is given by (5) is a pandlagona2 
ma& in the class [1, 1, 0, 0] if a& only if it is of the form (6) und j, k, r, s E 
{1,2,..., 8) where j, k, r, s are distinct and satisfy 
s<j+k., s<k+r, r<j+k, r<s+j (7) 
and none of the following equalities hol!ds : 
2r=s+j, 2r=j+k, 2s=j+k, 2s=k+r, 
r+s=j+k, s+j =r+k, 2s+j=2r+k. 
Proof. The inequalities (7) reflect the fact that the even spots of a member of the 
class [l, 1, 0, 0] must be in the form (6) and need to be positive; that these entries 
must be unequal if the matrix is pandiagonal is the condition that equalities (8) 
should not hold. 
If (7) holds and none of the equalities in (8) holds in (6) for j, k, r, s, then the 
matrix is pandiagonal since the magic matrix has the entries 1,. . . , I6 and in each 
row and column there are two even and twE3 odd numbers. Each row or colunu~ 
has a sum that is zero mod 17. However, that sum in this case must be an even 
number and a multiple of 17; so that 34 is the only possibility. That the diagonals 
sum to 34 follows from the fact that each d&gonal consists of 2 numbers and their 
inverses mod 17. So, the matrix must be pandiagonal. 
The group of transformations that leave the equivalence class [ 1, 1, 0, O] 
invariant gives the fine permutation structure of these pandiagonal matrices. In 
fact, there is one pandiagonal tile that suffices to give a tiling to the class 
Cl, LO, 0;. 
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Thwr~em 5. The. foIlowing tircansfwmcr.tions take a 
[ 1,P. 0, O] into another pondi,agonaE matrix .:n the 
AO’, k, r, $1 = (k, j, r + k -s, r), 
BCI; k,r,s)=(j+k--3. s, k-‘-r-s, r). 
pandiagonal matrix 
class [I, l,O, 01. 
Furthermore, the elements of the 4~ 4 pandiagonal matrices in this equivalence 
class are obtained by the action of the group gen:erated by A and B on the single 
4-tuple, (j, k, r, s) = (8, 1,7, 5). 
in the class 
Proof. It is easy to verify that 
r-G---- j--r+:. -_s s-j-k 
-- A(j, k, v, s,=2 
k -i Y j-t-k-4 
S j+k--v !;-- r-k r-s-j 
-r t-k-j k 1; 
has the invariance property of mapping a P.M. in the class [l, 1, 0, 0] into a P.M. 
in the class [ 1, 1, 0, 0] since the conditions of Theorem 4 holding imply that the 
entries j, i, f, s^ in the transformed matrix also satisfy the conditions, where ;= k, 
ii=j,?=r+k-s,d= r. Similarly, I? can be seen to have the invariance property. 
In a P.M. in the equivalence class [l, 0, 0, 0] in the form (6), B permutes the 
pairs {a, W, {g, W, ((1, ~1, and {i, j} cyclically; thus, we can move ‘1’ into the j or k 
spot of (6). If 8 is not in thke j or the k spot, then by the action of A, 8 can be 
brought into the P or s spot. However, in this case, it would force j+ k -r or 
j + k - s to be zero or negative, which would be a contradiction. Now, by the use 
of A, 7 can be made to appear in the r spot. We may assume that (i, k, r, s) = 
f 1,8,7, s) or !‘8,1,7, s). However, (1,8,7, s) is impossible in view of the in- 
equalities (7); we must have s + 1~4, so s > 4, but this is impossible since r = 7. 
Consequently, we must have (8,1,7$ s). Since none of the equalities in (8) holds, 
the following choices for s are impossible; s = 2, s = 4, s = 6. For example, since 
r = 7? s = 2 would imply r-t-s = j + k = 9. The other values are excluded using 
inequalities 2s + k -t- r and L# f s + j. 
Thus, there. are two choices, (8, 1,7,3) and (8,1,7,5). Consider F = 
A *R*A ‘B3, winch is clearly in the group generated by A and B. Thus, 
F(j, k., r, s) = (j, k, r: k i r - s); 
hence:, H;” = I aid 17(8, 1,7, 3) = (8, 1,7, 5). 
Consequentl:rl, every P.M. in the class [l, 1, 0, 0] can be brought into the form 
(8, 1, ‘7,5) by tire action of the group generated by A and B. The P.M. corres- 
ponding to (8, 1,7,5; is exhibited above in (4). 
Ihww~~ fi. The twzsformations A and B of Theorem 5 have the following 
properties : 
A” = ,s3 =T: (B/L2j2 =: 1 and A3B = BASS (9 
4 X 4 p6md~gonaZ m trices 3tn 
The group generated by A and B has order 48. Furkx-more, the group generated by 
(A2, B) is isomorphic :O S4, the group of permutaticvzs on 4 elements, A.lso, thk 
group gewated-by-A ati B is-isomorphic t~:t~.~~gle-g~~~~:z”k~2; 3; 4) (see f3, 
p. 751). The order of. this pup, and the ntsnzber ofP.M.‘s iy the C~GSS [l, 1, 0, 01, is 
48. 
1, 1, 0, 0] is 48, since each element of th:: group gives 
a different P.M. Since each of the eight equivalence classes has 48 P.M.‘s, the 
total number of P.M.‘s is 384 (see also Rower and Walker [l]). 
The triangle group r*(2,3,4) generated by repeated reflections in the sides of 
the spherical triangle A with angles $v, $T, in. produces a tesselation of the sphere 
by 48 congruent replicas of A. The reflections L, A& N in the sides of A generate 
T*(2,3,4) with thie *relations 
L2=M2:,N’&& ( LM)4 = ,,lca6)3 =(NL j2 = I. 
(See Magnus [3, 1:). 751). The following relationships are not diEcult to verify. 
Taking .A = I&D\/, B = LM, then L = AB2A2, M = B%_B2A2, N = B3A, and 
A”= B4 == I with A’B = BA3, which implies that A, B suflic~: to generate 
7’*(2,3,4). Therefore, 7’*(2,3,4) is isomorphic to a factor group of the above 
group of invariant transformations on [l, I, 0, 01. Since the orders of these two 
groups are the same, they are isomorphic. 
It is revealing tab write the action of the traxformations A and B il;l the form 
(1). 
Note that A and B are invariant not only on [l, 1, 0, O] but on all the pandiagonal 
matrices. Now, (LMNj3 represents the central inversion of the sphere (identifica- 
tion of antipodal points) ([3] or [4]), whereas A3, Iits isomorph, interchanges 
colun-ms 1 and 2, and 3 and 4, respectively in (1). NSO, L r represents a 
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glide-reflection [4, p. 911, and A “‘glides” and reflects cyclically (ii), (ab), (gh) and 
reflects (op). These analogies appear to be very close. 
Inspection of (10) shows that if it suflkies to write A and B as the permutations 
since 8 elements in non-inverse places &ermine the pandiagonal matrix,. Writing 
these in the usual form for S8, we have 
(11) 
We now give a second interesting direct proof t?:at the group generatetd by A 
and B is of order 48, using these permutation;. 
First, A and B irenerate a subgroup T of S,. ;Q and B are permutations !on the 
pairs (1,2), . . . , (‘i’., 8) s;uch that the number of pairs (a, b} in the permutation 
where c b is even and the number of ‘switched’ pairs is even. Furthermore, A 
and .B are in the h’ubgroup of S8 that leaves the polynomial 
(Xl - x;?>o 3 - LJ~x5 - x&7 - X8) 
invariant. Consequently, if a permutation switches an odd number of pairs 
around, it alters lhis polynomial and, therefore, cannot be in the subgroup 
generated by A and B. 
If a permutation in T leaves 8 fixed, it also leaves 7 tied. Let W,, be the 
subgrc:lp of T thal: leaves 7 and 8 fixed. since 
f$----,7--+4--&?--_,5 





we see that T is a transitive group, where, in the diagram, i + j means that the 
x 
motion x takes i into i. Thus., we have the coset decompoeition for 7’: 
T= w,~+X,‘w,g+ - l * X7W,8. (12) 
Thus the index of WT8 in T is 8. 
The subgroup of WT8 that leaves 1 fixed also leaves 2 tied. Denote this 
subgroup by &. E$ecause of the fact that pairs and pair switches occur an even 
number of times, there are only four ;lossibiliiies for membership in &. I3esides 
the identi;y, the candidates are F = A2B2A5B3 and P, Cp given by 
,L; l2 34 .‘X 78 12 345678 12 34 56 78 = 
12 65 43 78 12 56 34 78 12 43 65 78 
It i.; easy to vp,rify that the motions on pandiagonal matrices that rgrrespond to P 
and Q do not preserve pandiagonalily (e.g. use matrix (4)j. Hence, P and Q 
camot be in Z&, so Z,, = {I, F’}. We now show that the only elements left in W,, 
are: 
A& 6 .l 2 3 4 5 6 7 8 ):’ 3 15 5 j 2 , ^ A”=6 i ; ;,: ; ; ;), I_ 
A2F = 12245678 A4F= 12345678 
5 6 3 4 12 7’ 8 l 
It can be verified that elements with the cycle (12) do not exist in this subgror,;g 
since they destroy pandiagonality. Next, there &not be any element E in the 
group such that E : I --, 3 and E : 2 + 4, since A4r: will send 2.4 3 + 2 and 
2-*4-*1;~so,~erecannotbeany6suchthatS:1-,6andS:2-*5,since 
A26 takes 1 + 2 and 2 + 1. ConsiequentIy, there are only two possibihties: 
1 --, 4 and 1 + 5. An element that takes 31 --) 4 must be A2F if it takes 4 + 1 
and A2 if it takes 4 --) 5; if it takes 4 + 2, 4 + 3, or 4 + 6, then the square of 
the element will map 1 + 2, 1 --, 3, or 1 -+ 6, respectively, so these cases are 
impossible. A simihu arguement shows that A4 and A4F are the only possibilities 
sending 13 5. 
Therefore, W,, consists of {.I, F, A2, A4, A2F9 A4F) and1 the order of W,, is 6. 
Hence, the order of T is 48. 
Theorems 1 and 6 imply that the tesselation of the P.M.‘s fr”dm one basic 
pandiagonal tile is possible by the atctions from the group generated by 
A, B, C, D. What is interesting is that A and C suBice to generate this group. 
Theorem 7. The groul) generated by the “rotatory inversion” A and the “cyclic 
rotation” C has order 384 and tesselates the 4 x 4 pandiagonal mat&es. 
Proof. It is easy to verify that we may write the diagonal reflection D = (ACY)2 
and the “rotation” B = A3C3(AC)2C’AC. Thus, the group generated by 
A, 8, C, D is the same as that generated by A and C. Now, Theorems 1 and 6 
imply that the or&r is 384. 
However, a dirxt coset proof thiat the group generated by A and C has order 
384 is interesing in that it shows something about the structure of the 4 x 4 P.M.‘s. 
Th? proof is divided into steps, and the equalities involved are readily verified. 
(i) The transformation R = DCD cyclically moves the top row to the bottom 
row. Since R4- - C4== 1 and RC == CR, the subgroup generated by R and (3 
consists of cIements of the form fi!“Cp and has order 16. 
(ii) A3 or D can be moved to the left in any product with R and cl, in 
consequence of the equalities: (a) CA3 = A?“, cb) RA3 = A3R, (c) CD = DR., td) 
RD = DC. 
(iii) Let @ be subgroup generated by A3, 13, R, C. From (i) and (ii), aPzy 
product of these four elements may be written as ZR’Y? where Z is in the 
subgroup generated by A3 and D. !Since (A3)2 = D2 = (A %2)4 = I, this subgroup is 
isomorphic to the dihedral group of txder 8. Consequently, the order of 93 is 
8x16=128. 
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(iv) It is clear that the cosets 9, ASI, A29 are all distinct, and multiplication by 
A produces no new cosets. The relationships (e) CA = A2(A3DC3) and (f) 
CA 2 = A (A"DR) imply that CA9 = A23 and CA258 = Aa. These relationships 
imply that $?J? has index 3 in the group generated by A and C; hence, the order of 
that group is 384. 
The tesselating action of the group SB is interesting in that it is the largest 
subgroup such that the P.M.‘s that it tiles are regular in the sense that rhese P.M.‘s 
are obtained by only simple permutations of the rows and or columns of the 
original matrix that preserve rows or columns except for order; e.g. the fkst row 
(a. 6, c, d) subsequently must appear as a row or column except for order in a 
permutation of the group generated by (bcda) and (b&c). All the other P.M.‘s 
are obtained by breaking up the rows by the action of A or A2. 
We note that it may be shown that the group generated by A and C is the same 
as that in Rosser and Walker [l], which can be denoted as [32, 41. The group 
isomorphic to T*(2,3,41 that tesselates [1, 1, 0, 0] is of the same type, namely it 
can be denoted as [3’, 4]. Thus, the group of transformations on the P.M,‘s has 
these two successive groups of the type [3”, 41 appear in a natural hierarchy. 
These: groups are called the hyper-octahedral groups in Coxeter and Moser [S, pp. 
90 and 1231. 
We say that two elements are linked if they are always adjacent vertically or 
horizontally in a P.M. Because of the action of A and B on the class [l, 1, 0, 0], 
we set that the pairs in (4) :-uch as (16,2), (14,4), etc., are linked in [ 1, 1 , 0, 01. If 
a pair of elements are linked before the application of D, reflection across the 
main diagonal, they are linked af:er reflection. Furthermore. if we tile the plane 
with the P.M.‘s, we see :tfist C7 which moves the left column to the right, also 
preserv.:s linked elements. Consequently, the pairs (16,2), (14,4), etc. are always 
linked in a P.M. 
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